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We study the extent up to which the equivalence principle is obeyed in models of modified gravity
and dark energy involving a single scalar degree of freedom. We focus on the effective field theories
of dark energy describing the late time acceleration in the presence of ordinary matter species. In
their covariant form these coincide with the Horndeski theories on a cosmological background with
a slowly varying Hubble rate and a time-dependent scalar field. We show that in the case of an
exactly de Sitter universe both the weak and strong equivalence principles hold. This occurs due
to the combination of the shift symmetry of the scalar and the time translational invariance of de
Sitter space. When generalized to Friedmann–Robertson–Walker cosmologies (FRW) we show that
the weak equivalence principle is obeyed for test particles and extended objects in the quasi-static
subhorizon limit. We do this by studying the field created by an extended object moving in an FRW
background as well as its equation of motion in an external gravitational field. We also estimate the
corrections to the geodesic equation of the extended object due to the approximations made.
I. INTRODUCTION AND MOTIVATION
Over the past two decades it has become clear
that our universe today is in a phase of accelerated
expansion driven by an unknown component—the
dark energy. Although the cosmological constant
provides an almost perfect fit to the observational
data and is theoretically the most economic solu-
tion to this problem, its unnaturally small value
has forced us in the quest of finding other, more
satisfying dark energy models. A large fraction of
the recent proposals rely on modifying gravity at
large distances and fall in the class of the effec-
tive field theories (EFTs) of dark energy [1]. This
framework unifies competing models of modified
gravity that in a given window of energy scales in-
volve only one additional scalar degree of freedom
with respect to General Relativity (GR). Writ-
ten directly for the cosmological perturbations, the
EFT of dark energy can be interpreted as a low
energy effective theory for the Goldstone boson of
broken time translations. In the spirit it is very
similar to the EFT of inflation where the scalar de-
gree of freedom is usually the inflaton field break-
ing the de Sitter invariance of the early universe [2].
This approach captures most of the various phe-
nomenological effects arising in the different dark
energy models and allows to discriminate between
them.
A typical feature of the dark energy models in-
volving a light scalar degree of freedom is to intro-
duce order one modifications of gravity on large
scales. While it is an acceptable and seeked for
effect on cosmological scales, these theories are
highly constrained by short distance observations.
In particular, any such modified gravity theory
needs to have a working screening mechanism, such
as the Vainshtein mechanism [3, 4], in order to re-
cover the standard GR results at short scales. An
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important subclass of the EFTs of dark energy im-
plementing the Vainshtein mechanism is the Horn-
deski theories, originally formulated in [5] and later
rediscovered in [6, 7]. These are the most gen-
eral scalar–tensor theories with second order met-
ric and scalar field equations of motion and have
been extensively studied in the recent years.
A novel avenue for testing the modified grav-
ity models has opened up due to the recent obser-
vation of the gravitational wave emission during
the black hole and neutron star merger events [8–
10]. The significance of these observations lies in
the fact that it offers the possibility to test grav-
ity in the previously inaccessible highly relativis-
tic, strong-field regime. For instance, the observa-
tion of gravitational waves from the binary neutron
star merger, arriving simultaneously with their op-
tical counterpart, allowed to constrain the speed of
gravitational waves to coincide with the speed of
light up to deviations of order 10−15 [9, 10]. This
observation alone ruled out a wide range of oper-
ators within the EFTs for dark energy that were
predicting subluminal propagation speeds for the
gravity waves [11–14]. A possible caveat of this
conclusion might lie in the fact that the energy
scale at which the gravitational waves were ob-
served lies very close to the strong coupling scale of
many of the dark energy models in question. Being
only effective field theories they would naturally
receive corrections above the strong coupling scale
that could render the speed of propagation of the
gravity waves to lie close to the speed of light [15].
We shall comment more on this point below.
Another possible way of testing GR with the
help of the gravitational wave observations is by
studying the strong-field effects. These include, in
particular, the quasi-normal mode spectrum [16–
20] and the violations of the strong equivalence
principle leading to the emission of the dipolar ra-
diation [21].
Motivated by these advances in observational
cosmology, in this work we shall focus our attention
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2on the possible violations of the equivalence princi-
ple within the modified theories of gravity. Equiv-
alence principle in one of its simplest forms can
be stated as the equality between the inertial and
gravitational masses of a given object [22]. When
referring to objects with small self-gravitational
energy one talks about the weak equivalence prin-
ciple. In turn, the strong equivalence principle re-
quires it to hold also for objects with a large frac-
tion of their mass consisting of the gravitational
binding energy, like black holes and neutron stars.
The violations of the equivalence principle in
modified gravity theories arise due to the coupling
of the new gravitational degrees of freedom—a sin-
gle scalar field in our case—to matter. It is in
general believed that in theories where the extra
fields are only coupled to the metric and bear no
direct coupling to the matter fields the weak equiv-
alence principle is obeyed (for exceptions, see [23]).
However, for gravitational bodies with strong self-
gravity the additional fields due to the modifica-
tion of gravity will still effectively couple to matter
[22]. Even though at leading order the coupling to
matter is absent, at higher orders in perturbations
it will arise because of the non-minimal coupling
to the metric, which in turn is coupled to matter.
As a result the body’s gravitational mass will de-
pend on the additional fields. This leads to the
fact that strongly gravitating bodies follow trajec-
tories that depend on their internal structure and
composition, known as the Nordtvedt effect [24].
The physical consequence of the Nordtvedt effect
is the appearance of the fifth forces and this has
profound implications on the gravitational wave
emission. In particular, these fifth forces increase
the total power of the gravitational wave emission
as a result of which the orbits of inspiraling bi-
naries shrink faster than in GR. One can show
that this happens due to the dipole emission of
the gravitational radiation (see [25] and references
therein). The monopole and dipole emission are
therefore known as the red flags for scalar-tensor
theories. In fact, even before the observation of
the gravitational waves, the previous data on the
observed mildly relativistic binary pulsars was pro-
viding the most stringent tests [26] on the ‘classic’
scalar-tensor theories of the Brans–Dicke type [27].
The recent observations by LIGO and Virgo will
provide an unseen level of precision for constrain-
ing the violations of the equivalence principle. It is
therefore timely to review our understanding of the
extent up to which such violations occur in mod-
ified gravity theories. The focus of this work will
be to investigate the effects due to the cosmologi-
cal expansion—an issue that up to the best of our
knowledge has not been explored in this context in
the previous literature.
Let us also emphasize that we will not consider
explicit violations of the EP. Such violations usu-
ally arise in theories where different matter fields
are coupled to gravity with different strength al-
ready at the level of action. Instead we shall as-
sume a universal coupling of our scalar-tensor the-
ory to all matter fields.
There are a several earlier works on the equiva-
lence principle in scalar-tensor theories that need
to be mentioned before we present our results.
The first class of works is related to the no-hair
theorem for black holes in scalar-tensor theories.
It is known that in GR black holes obey a no-
hair theorem that can be extended also to the
simplest of scalar-tensor theories with canonical
derivative interactions for the scalar field [28, 29].
In [30], the proof of the no-hair theorem was fur-
ther extended to the case of Galileons on asymp-
totically flat backgrounds [31]. The main assump-
tions needed for the proof were the shift symmetry
of the scalar field action, as well as the spherical
symmetry and time independence of the black hole
and scalar field solution. As a consequence of the
theorem the black hole does not admit any non-
trivial profile of the Galileon field. On the other
hand ordinary matter does source a scalar field pro-
file and thus experiences the fifth force. Hence, a
test particle and a black hole would move on dif-
ferent geodesics in any scalar-tensor theory that
can be reduced to Galileons in some relevant limit.
This suggests the violation of the strong equiva-
lence principle in these theories. It was later shown
in [32, 33] that the no-hair theorem of [30] is vi-
olated in a more general set-up by also including
a coupling of the scalar field to the Gauss-Bonnet
term. Such a coupling appears generically in Horn-
deski theories [5–7].
The situation turns out to be different for static
spherically symmetric and asymptotically flat star
solutions (i.e. solutions that are regular every-
where in the spacetime and possess no horizon). In
[25, 34] it was shown that stars in shift-symmetric
Horndeski theories obey a no-hair theorem and
thus have a zero scalar charge. A similar conclu-
sion was made earlier in [35] where it was found
that there is no emission of dipolar radiation in
such theories. Let us emphasize that all the works
mentioned in the context of no-hair theorems work
on asymptotically flat backgrounds and make use
of static scalar field profiles. Relaxing one of these
assumptions allows one to evade the no-hair theo-
rems of [30, 34]. For instance, allowing for (Anti)
de Sitter asymptotics can lead to hairy black hole
and star solutions [36, 37] in the Fab Four [38]
subclass of the Horndeski theories. A review on
asymptotically flat black hole solutions with non-
trivial scalar hair can be found in [39].
A line of research closely related to the no-hair
theorems is the existence of static spherically sym-
metric solutions in scalar-tensor theories. There is
a lot of literature on such solutions by using both
time independent and time dependent scalar field
profiles leading to both asymptotically flat and
asymptotically (Anti-)de Sitter solutions. In this
work we shall focus on static spherically symmetric
field configurations on top of cosmological back-
grounds and time dependent scalar field profiles.
In the context of black hole solutions in scalar-
tensor theories these were first used in [40, 41] giv-
3ing both asymptotically flat and asymptotically de
Sitter solutions in the vacuum. Phenomenologi-
cally viable asymptotically flat neutron star solu-
tions in the presence of matter were found in [42].
Of particular relevance for this paper is the work by
Babichev et al. [43] where static spherically sym-
metric asymptotically de Sitter solutions in the cu-
bic Galileon theory were studied. We shall discuss
these in more detail in Section IV.
The second class of works related to the equiv-
alence principle in modified gravity theories is
concerned with objects with negligible gravita-
tional self-energy [23, 44]. These are only deal-
ing with the question of possible violations of the
weak equivalence principle. In particular, it was
shown in [23] that in scalar-tensor theories with
Chameleon screening mechanism [45, 46], such as
the Brans–Dicke theory [27], there are O(1) vio-
lations to the weak equivalence principle. On the
other hand, it was argued that in theories with
Vainshtein screening mechanisms such violations
are absent. These results were obtained by study-
ing the motion of an extended object in an exter-
nal gravitational field by the method of Einstein,
Infeld, Hofman [47, 48]. We shall review this ap-
proach in great detail in Section V. Finally, let us
also mention that in [49] the Vainshtein mecha-
nism in conformally coupled cubic Galileon theory
was studied for binary systems. It was found that
both the monopole and dipole radiation vanishes
at the leading order due to successful Vainshtein
screening, thus confirming that the weak equiva-
lence principle is only violated once the relativistic
corrections are included.
The paper is organized as follows. In Section II
we shall present the effective field theory action for
dark energy that we shall be using in the rest of this
work and derive the equations of motion for the rel-
evant degrees of freedom. We shall also introduce
the various types of objects studied: test particles,
extended objects and black holes. In Section III
we shall then discuss the extent up to which the
shift symmetry is preserved in the scalar–tensor
theories under question. We shall review the no-
hair theorem for the black holes in asymptotically
flat Galileon theories relying on the conservation
of the shift symmetry current. In III B we shall
then show how the argument is modified on FRW
backgrounds and argue that the weak equivalence
principle holds for screened extended objects in
Sec. III C.
An argument that both the strong and the weak
equivalence principles hold in the special case of
de Sitter universe is presented in Section IV. By
an appropriate choice of the coordinate system, we
derive the solutions for the asymptotic field profiles
for the fields far away from the object in Sec. IVB.
In particular, we show that the scalar field profile
is non-trivial and only depends on the ADM mass
of the object, thus corresponding to a secondary
hair. We present the explicit asymptotic solution
and show that it approaches the Schwarzschild-de
Sitter solution in the subhorizon limit. In Sec. IVC
we present a framework for studying the violations
of the strong equivalence principle due to FRW-
type of deviations from de Sitter spacetime.
Finally, in Section V we study the motion of ex-
tended objects on FRW background by the method
of Einstein, Infeld and Hoffmann [47, 48]. As in
Sec. III C we arrive at the conclusion that the
weak equivalence principle holds for extended ob-
jects. We compute the violations due to the de-
partures from the full Vainshtein screening regime
in Sec. VD. We conclude in Sec. VI.
II. GENERALITIES
A. The action
We shall consider an effective field theory for
cosmological perturbations around an FRW back-
ground driven by a time-dependent scalar field.
The constant time hypersurfaces are parametrized
by the scalar field and in the so-called unitary
gauge the time and the scalar coincide. Around
the metric ds2 = −dt2 + a(t)2d~x2 the EFT action
written in this gauge reads [1, 50]:
S =
∫
d4x
√−g
[
M2Pl
2
f(t)R− Λ(t)− c(t)g00
+
m42(t)
2
(
δg00
)2 − m33(t)
2
δKδg00
]
+
∫
d4x
√−gLm(ψm, gµν) .
(1)
Here δg00 = g00 +1, δK = K−3H, H = a˙/a is the
Hubble parameter, and K = ∇αnα is the extrin-
sic curvature of surfaces with t = const. The unit
vector nµ is perpendicular to the constant time
slicing, parametrized through the scalar field as
nµ ≡ −∂µφ/
√−(∂φ)2. The above action does not
contain an explicit dependence on the scalar field
perturbations pi since these are set to zero in the
unitary gauge where φ = M2Plt. The function Lm
stands for the Lagrangian density for some matter
fields collectively denoted by ψm, that are assumed
to only be coupled to the metric gµν , and not to
the scalar field. In other words, the action (1) is
written in the Jordan frame.
The action (1) contains contributions to all or-
ders in perturbations. However, only the first three
terms contribute to the background equations.
The first non-zero contribution from the m42,m33
terms on the second line appears at quadratic or-
der. In fact, the action (1) is not the most gen-
eral quadratic low-energy effective action preserv-
ing the spatial diffeomorphisms, and a couple of
additional terms should be included [50]:
+m24(t)(δK
µ
ν δK
ν
µ − δK2) +
m˜24(t)
2
Rδg00 . (2)
However, these terms have lately been in an in-
creasing tension with observations. In particular,
the observation of the gravitational waves from the
4neutron star–black hole binary merger has con-
strained the speed of gravitational waves to coin-
cide with the speed of light [9, 10]. This obser-
vation then enforces the parameter choice m4 = 0
[11–14]. In Horndeski theories, m4 = m˜4, and thus
both of the terms above are excluded. In princi-
ple, the operator Rδg00 is still allowed in beyond
Horndeski theories where m4 6= m˜4 [50]. However,
it was pointed out in [51] that the presence of these
operators would result in a graviton decay into the
scalar field particles. The fact that we do observe
the gravitational waves then puts a bound on the
decay rate, setting m˜4 = 0. It should, however, be
kept in mind that the frequency of that particu-
lar neutron star merger event lies very close to the
strong coupling scale of the dark energy models (1),
(2). This means that, in principle, new operators,
coming from a hypothetic UV completion of these
theories can affect the speed of gravity waves and
the decay rate on that scale [15]. Hence, ruling out
the operators (2) might be somewhat premature;
we will however stick to the more conservative at-
titude and not consider them in this work.
We also note that the function f(t) typically
arises in Brans-Dicke type theories [27]. Since
these are known to introduce O(1) violations to
both the strong [52] and the weak equivalence prin-
ciple [23], we shall not consider it in the following
and set f(t) ≡ 1.
In the remainder of this work we shall be working
with the covariant form of the unitary gauge ac-
tion (1). Its diffeomorphism invariance can be re-
stored by the usual Stückelberg trick: we perform
an infinitesimal time diffeomorphism t→ t+pi(t, ~x)
and introduce a scalar field
φ
M2Pl
= t+ pi(t, ~x) . (3)
It is important to emphasize the fact that it is pos-
sible to restore the full diffeomorphism invariance
by introducing a single scalar field. This shows
that the low-energy dynamics of the perturbative
action (1) is entirely determined by one single ad-
ditional degree of freedom compared to pure GR.
This constrains our analysis to this type of models.
While it includes, for instance, the Horndeski the-
ories, it does not include models that contain more
than one degree of freedom in the IR. A typical ex-
ample of what these theories do not describe would
be massive gravity where pi arises as the helicity-0
mode of a massive spin-2 multiplet [53–55]. This
was in fact clear already from the action (1) since
by construction it is invariant under the spatial
diffeomorphisms. In contrast, the massive grav-
ity action, even in the decoupling limit where it
is dominated by the scalar-tensor interactions, is
known to break the spatial diffeomorphisms.
Following [1] and performing the replacements
(A1), (A2) we find the covariant action to be:
S =
∫
d4x
√−g
[
M2Pl
2
R− Λ− c (∂φ)
2
M4Pl
+
m42
2
(
1 +
(∂φ)2
M4Pl
)2
(4)
− m
3
3
2
(
1 +
(∂φ)2
M4Pl
)(
−3H − 3
2M2Pl
φ
)
+
m33
4M6Pl
(
1 +
(∂φ)2
M4Pl
)(
(∂φ)2φ+ ∂µφ∂µ(∂φ)2
)]
+
∫
d4x
√−gLm(ψm, gµν) .
When expanded in perturbations it coincides with
the unitary gauge action (1) up to cubic order. All
the quantities Λ, c,m2,m3 that were time depen-
dent in the unitary gauge are now functions of the
scalar field, e.g. Λ = Λ
(
φ
M2Pl
)
etc. We have sup-
pressed this in (4) for brevity.
B. Equations of motion
In order to assess whether the equivalence prin-
ciple holds in theories described by the action (4),
we shall study the gravitational field created by a
massive object, as well as its motion in some ex-
ternal gravitational field. We assume that the ex-
pansion of the universe is driven by a background
dark energy component due to the scalar field and
some other perfect fluid-type matter component
with Tm µν = diag(−ρm, pm, pm, pm). We describe
the object on this background by a stress-energy
tensor δTmµν .
We consider metric perturbations around the
flat FRW background in the Newtonian gauge:
ds2 = −e2Φdt2 + a2(t)e−2Ψδijdxidxj , (5)
where the potentials Φ and Ψ are the only gravita-
tional degrees of freedom. In addition, we have the
scalar field perturbation pi. The equations of mo-
tion, derived from the action. (4), can be written
as:
M2PlGµν = T
φ
µν + T
m
µν , (6)
∇µ(Tm)µν = 0 , (7)
∇µ
[(
Tφ
)µ
ν
−M2PlGµν
]
=
1√−g
δS
δφ
∂νφ . (8)
The first equation comes from the variation of the
total action with respect to the metric gµν . We de-
fine the matter stress-energy tensor in the canon-
ical way as Tmµν ≡ −2√−g δSmδgµν , and the stress-energy
tensor associated to the scalar field, Tφµν , is im-
plicitly defined through Eq. (6). We give the full
covariant expression for the variation of the ac-
tion (4) with respect to the metric in Appendix D.
The second equation above comes from assuming
that the matter action is only coupled to the metric
and is invariant under spacetime diffeomorphisms.
5The last equation is the conservation equation—
a consequence of the diffeomorphism invariance of
the action. The ν = 0 component of it is equivalent
to the equation of motion for the scalar field φ.
The background equations of motion for the
FRW metric following from (6) fix the functions
c and Λ as
c(t) = −1
2
(ρm + pm)−M2PlH˙ ,
Λ(t) =
1
2
(pm − ρm) +M2Pl
(
H˙ + 3H2
)
,
(9)
where ρm and pm are the energy density and pres-
sure of the matter component.
For the purpose of this paper it will be conve-
nient to write the Einstein equations for perturba-
tions as:
M2PlG
L
µν − TL,φµν = τµν (10)
τµν ≡ TNL,φµν + δTmµν −M2PlGNLµν , (11)
where we have introduced τµν—an analogue of the
Einstein’s pseudo stress-energy tensor. The super-
script “L” means we only keep the linear part of
the expressions, while the “NL” stands for every-
thing else except for those linear terms. Note that
such a definition does not require the validity of
a perturbative expansion, which is not guaranteed
close to the source. One can nevertheless always
define a linear tensor and arbitrarily remove it from
the full tensor. This expression assumes that the
cosmological background is already solved for, so
that no background quantities remain. Let us note
that in GR one defines the pseudo stress tensor as
tµν = M
2
PlG
L
µν = δT
m
µν −M2PlGNLµν . The virtue of
this definition is that due to the linearized Bianchi
identities for the Einstein tensor, this stress ten-
sor is conserved in flat space, i.e. ∂µtµ ν = 0. In
the case when the gravitational theory is modified
by an additional degree of freedom and we are on
an FRW background, it is necessary to include also
TL,φµν in the definition above. Only then ∂µτµ ν = 0
at linear level. We shall discuss this in more detail
in Section VA.
Given Eq. (10), one can view the nonlinearities
of the EFT theory as a source term for the linear
solution. The virtue of Eq. (10) is then that it is
a fully nonlinear equation. Although this might
appear as a trivial observation this will, in fact,
be important when we will want to distinguish be-
tween infinitesimal test particles and objects of fi-
nite size and/or large self-gravitational energy.
To demonstrate this, let us focus on the quasi-
static, subhorizon limit (in Fourier space, this cor-
responds to considering wave-numbers k  aH
and frequencies ω  k). Then, the leading order
equations take the form:
• 00 component of eq. (6)
1
a2
[
2M2Pl∆Ψ +m
3
3∆pi
]
= −τ0 0 ; (12)
• ij component of eq. (6)
∂i∂j − δij∆
a2
[
M2Pl(Ψ− Φ)
]
= τ i j ; (13)
• equation for pi
∆
a2
[
m33Φ +
(
2c+ (m33)
· +Hm33
)
pi
]
= −ENL,pi ,
(14)
where in the last equation, we have defined ENL,pi
as the nonlinear part of the equation of motion for
the scalar. The set of equations given above then
fully determines the three fields Φ,Ψ, pi; in partic-
ular, their asymptotic behaviour far away from the
object.
C. The ADM mass
Let us point out that the full nonlinear solution
to the 00 Einstein equation can be expressed in
terms of the ADM mass of the object, defined as
M = −
∫
d3x a3τ0 0 . (15)
Let us demonstrate how it works in the subhorizon
limit. Integrating both sides of the equation (12)
over some spatial region enclosing the object fixes
the relationship between the fields Ψ and pi in
terms of the mass M . The solution to the equa-
tion (13) can be similarly expressed in terms of a
volume integral over τ i i. However, for stationary
and virialized systems, as well as non-relativistic
sources one can assume that the space integral of
τ i i is either exactly zero, or is much smaller than
the contributions from τ0 0 [44]. It can thus be ne-
glected from the right-hand side of (13), giving the
usual relationship Φ = Ψ.
Importantly, these observations hold for all
types of objects:
(i) For a test particle all nonlinear contributions
to τµ ν are negligible, so that τµ ν = (δTm)µ ν . In
particular, for a non-relativistic point mass located
at the origin the only non-zero component of the
stress tensor is (δTm)0 0 = −M0δ(3)(0)/a(t)3 and
the ADM mass (15) coincides with M0. In the
case when the source is spherically symmetric and
m˙3 = 0, one can solve for the field profiles, to get
Φ,Ψ, pi ∼ −GM0/(a(t)r). Strictly speaking, the
rest mass M0 coincides with the ADM mass only
up to post-Newtonian corrections, i.e. only up to
terms coming from the nonlinear Einstein tensor
in (11). The size of these corrections can be esti-
mated at the quadratic level to be of the order
− ∫ d3x τ0 0
M0
∼ M
2
Pl
∫
d3x (Ψ′)2
M0
∼
M20
M2Pl
1
r
M0
∼ rg
r
,
(16)
where rg = M/M2Pl is the Schwarzschild radius of
the object. For a point particle, the contribution
to the ADM mass from the non-linear stress ten-
sor associated to the scalar field is negligible. We
will discuss these in more detail in the context of
motion of extended objects in Section VD.
(ii) For an extended object—an object of finite size,
6but negligible self-gravitational energy—the rele-
vant contributions to τµ ν are the first two terms
in (11). The nonlinear part of the Einstein tensor
can still be neglected in this case.
(iii) For a black hole, there is no matter stress-
tensor, i.e. δTmµν = 0. The pseudo-tensor τµ ν
is fully determined by the nonlinear contributions:
both due to the gravitational self-interactions and
those arising in the stress tensor of the scalar field.
In any of the cases discussed, the equation (12)
can be solved in terms of the ADM mass defined
in (15) while the right-hand side of Eq. (13) can
be neglected. The only unknown that remains is
the solution to the scalar field equation (14). This
will be the subject of the next section.
III. THE (APPROXIMATE) SHIFT
INVARIANCE OF THE SCALAR
The idea behind this section lies in the obser-
vation that, apart from the generic explicit φ-
dependence of the coefficients Λ, c,H,m2 and m3,
the covariant action (4) is invariant under constant
shifts: φ(t, ~x) → φ(t, ~x) + const. Moreover, since
the unitary gauge action (1) was introduced as an
EFT of broken time translations during the dark
energy dominated epoch of our universe, we are
interested in a slowly varying Hubble rate and its
derivatives. With this in mind, we can assume
that also the other generically time dependent pa-
rameters in the action, Λ(t), c(t),mi(t), vary only
mildly during one Hubble time. More specifically,
we shall assume that m˙i ∼ Hmi so that terms like
mi∂pi  m˙ipi in the subhorizon limit.1 This would
allow us to neglect all the terms in the equation
of motion of the scalar field arising from the viola-
tion of the shift invariance and instead write it as
a current conservation equation
∇µJµ = 0 , (17)
where Jµ is the current due to constant shifts of φ.
A. Static case
The presence of the shift symmetry has proven
to be very useful when discussing the equivalence
principle in asymptotically flat spacetimes. It was
used both for showing that the weak equivalence
principle holds for theories with Vainshtein screen-
ing mechanism [23] and for the derivation of the
no-hair theorem for static black holes in Galileon
theories [30]. For time independent solutions, the
divergence of the shift symmetry current in these
cases can be reduced to ∇µJµ = ∂iJ i.
The only shift symmetry breaking term con-
tributing to the scalar fields equation of motion
1 We note that the same reasoning would apply for the time
dependence of the parameters in the EFT of inflation [2].
in these models is the scalars coupling to the trace
of the matter stress-energy tensor, φTm µ µ. In-
tegrating this over some spatial volume and using
the Gauss’s law to convert it into a surface integral
yields:∮
dSi J
i = −q
∫
d3xTm µ
µ ≡ qQ , (18)
where q = 1 for ordinary matter and q = 0 for
black holes. One can then choose the integration
surface to lie far away from the moving object to
get an asymptotic linear relationship between the
fields Ψ,Φ, pi. Moreover, for objects with weak
self-gravity the scalar charge Q, defined in (18),
is given by the total inertial mass of the object,
Q ' M [44]. The scalar field profile, in the re-
gion asymptotically far from the object, can then
be found to be of the form pi ∼ −qGQ/r, giving
the interpretation of a scalar charge to the param-
eter Q. The non-vanishing field profile for pi is also
referred to as the scalar hair. Due to the couplings
to the other gravitational potentials this introduces
an additional gravitational force. The equivalence
principle is then said to be obeyed in all cases when
Q only depends on the total inertial mass M and
the constant q does not vary from object to ob-
ject. In this case, the modified gravity theory only
redefines the effective Newton’s constant. Impor-
tantly, in Galileon theories q = 0 for black holes,
due to the absence of the coupling φTm µ µ. This
phenomenon is known as the no-hair theorem [30].
Hence, it is only the weak equivalence principle
that is obeyed in flat space Galileon theories.
Another terminology often used to make distinc-
tion of cases when the equivalence principle is vi-
olated is the concepts of primary and secondary
hair [56]. The term ‘primary hair’ is used when
talking about a black hole hair that induces new
quantum numbers. In the case of ‘secondary hair’
the additional charge is entirely determined by the
existing conserved charges, e.g. like in the case
when the scalar hair only depends on the ADM
mass.
Remarkable counterexamples are theories with
Chameleon-type screening mechanisms, like f(R)
and Brans-Dicke theories. It was shown in [23]
that there the constant q varies from q = 0 for
screened objects to q = 1 for unscreened objects,
even when the gravitational self-interactions can
be neglected. This manifests when considering the
equation of the motion of the object: the difference
in the scalar charge leads to a difference in the iner-
tial and gravitational masses of the object. Hence,
objects in such theories do not move on geodesics.
B. The current
Let us analyze the extent up to which the shift
symmetry is violated in the action (4). In general,
given a covariant scalar field action of the form
S =
∫
d4x
√−gL(φ,∇µφ,∇µ∇νφ), the equation of
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Eφ ≡ 1√−g
δS
δφ
=
∂L
∂φ
−∇µJµ = 0 . (19)
The current Jµ is defined as:
Jµ =
∂L
∂(∇µφ) −∇ν
(
∂L
∂(∇µ∇νφ)
)
(20)
and is due to constant shifts of φ; whereas a non-
zero ∂L/∂φ only arises from the breaking of the
shift symmetry in the action for φ.2 We give the
explicit expressions of the current derived from the
action (4) in Appendix A.
In the case when the shift invariance is only
slightly broken, one would expect the equation of
motion for the scalar to reduce to ∇µJµ = 0 in the
quasi-static limit. However, in our EFT of dark
energy setup, it is precisely the explicit φ depen-
dence of the action that drives the cosmological
evolution. Hence ∂L/∂φ does contribute to the
background evolution with
M2Pl
∂L
∂φ
= c˙(t)− Λ˙(t) . (22)
Another important difference from the current con-
servation in shift symmetric theories in the static
case is that J0 6= 0 on cosmological backgrounds.
Indeed, the current components read:
J0 =
2c(t)
M2Pl
, Ji = 0 . (23)
Physically it makes sense—a cosmological back-
ground naturally picks out a time direction which
consequently leads to a non-vanishing J0. Combin-
ing (22) and (23) in the equation of motion (19)
gives the standard conservation equation ρ˙m +
3Hρm = 0 on an FRW background.
2 Let us for a moment discuss the difference between
the shift symmetry in φ versus shift symmetry in pi.
Specifically, consider a situation when we had started
from some covariant Lagrangian for φ admitting a more
general homogeneous background solution φ0(t) with
φ˙0(t) 6= const. The unitary gauge action for pertur-
bations around this solution would then correspond to
setting φ(t, ~x) = φ0(t). As in the previous case the in-
variance under time diffeomorphisms can be recovered by
performing a transformation
t→ t+ pi(t, ~x) , φ0(t)→ φ0(t) + φ˙0(t)pi(t, ~x) . (21)
However in the case when φ˙0 6= const, the symmetry of
φ under constant shifts does not imply a symmetry of pi
under constant shifts. Indeed, under the shift φ→ φ+ c
we get pi → pi + φ˙0(t)−1c. Even though it is always
possible to perform a field redefinition φ → φ˜(φ) so that
˙˜
φ0 = const, this does not guarantee that the action for
φ˜ would remain shift invariant. Since it is the field pi
that encodes the approximate invariance under the time
translations then it is the shift invariance of pi that bears
a physical importance. In the rest of this paper we shall
assume that φ0(t) = t and treat the shift symmetry of pi
and φ as equivalent.
We face a more serious obstruction to the shift
symmetry argument on FRW background when in-
specting the higher order current components. As
we show in Appendix C, the contribution to ∇µJµ
coming from ∇0J0 is in general comparable to
∇iJ i. This, combined with the non-conservation
of the current, ∂L/∂φ 6= 0, prevents us from hav-
ing an equation of the type (18) in a general case.
In the absence of it, there is no advantage in re-
casting the scalar equation in the form (19). In-
stead one has to work with the equation (14) that
can only be solved perturbatively and after inte-
gration contains an arbitrary integration constant
that cannot be fixed by any guiding principle. One
is thus unable to make exact non-perturbative ar-
guments needed to discuss black hole hair and the
strong equivalence principle. We therefore focus on
extended objects in the remainder of this section.
C. Extended objects in the subhorizon limit
In theories with Vainshtein screening mecha-
nism [3], which is the case of all models described
by the action (1) (or, equivalently, (4)), extended
objects require a special attention. The reason
for this is the presence of higher derivative scalar
self-interactions, that, for an object of finite size,
become dominant below some distance rV in the
vicinity of the object. In these models the interac-
tions responsible for the Vainshtein mechanism at
the nth order in field perturbations are contained
in terms of the type (∂pi)2k(∂2pi)l with n = l+ 2k,
k ≥ 1. Due to the antisymmetric structure of these
higher order self-interactions, in four spacetime di-
mensions only interactions up to l = 3 appear in
the most general Horndeski theories (see, for in-
stance, [7, 31]). Hence, in the scalar field equation
of motion we expect that for n = 2, 3, 4 the equa-
tion is dominated by (∂2pi)n terms.
For the choice of operators in the EFT ac-
tion (1), only the cubic Vainshtein interactions
with l = 1 are present giving a (∂2pi)2 term in
the equation of motion at quadratic order. For
extended objects with negligible gravitational self-
interactions this is the leading contribution to the
quadratic scalar fields equation of motion.
Due to the special derivative structure of the
Vainshtein interactions, the equations of motion
for perturbations around cosmological solutions on
subhorizon scales always take the form of spatial
divergences [57]. At quadratic order, all the high-
est derivative contributions to both metric and
scalar fields equations of motion take the form
∆X∆Y−∂i∂jX∂i∂jY
= ∂i (∂iX∆Y − ∂jX∂i∂jY) , (24)
where {X ,Y} denote any of the fields {Φ,Ψ, pi}.
For the expressions at higher orders, see [57]. In-
deed, we find that the quasi-static subhorizon con-
tribution to the quadratic equation of motion of
8the scalar field reads:
E2,pi = −M2Pl∂iJ i = −
m33
a4
∂i [∂ipi∆pi − ∂jpi∂i∂jpi] .
(25)
We also note that it is only the divergence of the
spatial current component that contributes to the
above equation. As we argue in Appendix C, both
∇0J0 and ∂L/∂φ are subleading in comparison to
the Vainshtein interactions at this order.
At cubic order, only terms like (∂pi)2∂2pi arise
which, in the small field approximation, are negligi-
ble in comparison to the quadratic term. The same
is true for all the other higher order terms that all
can be safely neglected due to the fact that, by
definition, gravitational self-interactions are negli-
gible for extended objects and all the terms like
pi, ∂pi can still be treated perturbatively. Hence,
the nonlinear equation of motion for pi, for an ex-
tend object in subhorizon limit can be written as
ENL,pi = E2,pi = −M2Pl∂iJ i . (26)
Note that for later convenience we have included a
factor of M2Pl in the definition of Epi.
We can now run the argument, similar to that of
the static case, for the current conservation for ex-
tended objects. In particular, by substituting (26)
on the right-hand side of the equation (14) we see
that one can reduce the volume integral to a sur-
face integral. This is true for arbitrary location
of the surface, even inside the Vainshtein radius.
Choosing the surface to lie far away from the ob-
ject, i.e. for r  rV , allows one to treat pi linearly.
In spherically symmetric case this gives the asymp-
totic relation:
∂r
[
m33Φ +
(
2c+ (m33)
· +Hm33
)
pi
]
= 0 (27)
In combination with (12) and (13) this allows one
to solve for all the gravitational field profiles solely
in terms of the ADM mass. The above solution is
only valid for the gravitational field far away from
the object, at distances that exceed its Vainshtein
radius. Nevertheless there is no fundamental ob-
stacle in determining the gravitational fields also
at shorter distances by using the non-linear ex-
pression (26). These would then have to match
the asymptotic solutions found above which, as
we have shown, do not contain any new additional
charge and are fixed by the ADM mass of the ob-
ject. Hence the weak equivalence principle holds
up to post-Newtonian and post-Vainshtein correc-
tions. We shall discuss what we mean by the latter
in Section VD where we shall study the motion of
the extended object in an external gravitational
field.
IV. EQUIVALENCE PRINCIPLE IN DE
SITTER UNIVERSE
An outstanding example of where the vanishing
of the current is an exact statement is the case
of de Sitter spacetime. For instance, there are
known numerical black hole solutions with de Sit-
ter asymptotics in the cubic Galileon theory [43].
These solutions involve a time dependent scalar
field profile and a static solution for the metric,
written in the static coordinate patch of de Sitter.
In general, their J0 6= 0 while Jρ = 0 coincides
with the 0ρ component of the Einstein equation
(where ρ = reHt is the radial coordinate in the
static de Sitter coordinate system3). The fact that
a time dependent scalar field profile can be com-
patible with the vanishing of the spherical com-
ponent of the Noether current, allowing for static
and spherically symmetric metric solutions was al-
ready noticed in [58]. The findings of [43] also
show that there is a non-vanishing scalar field pro-
file associated with their black hole solutions. At
small scales the scalar field solution depends on an
arbitrary integration constant that can be inter-
preted as the primary hair of the black hole. The
large scale asymptotics however only depend on
the black hole mass and thus only give a secondary
hair. Overall, it seems to indicate that (i) the black
holes do have hair on cosmological backgrounds,
even in shift symmetric theories, and that (ii) the
strong equivalence principle might hold for black
holes on de Sitter space.
We shall now show that the equivalence principle
does indeed hold for spherically symmetric solu-
tions of the action (4) in de Sitter space. Restrict-
ing to de Sitter universe in our EFT implies setting
ρm = pm = c = 0 and Λ = 3M2PlH
2 = const. In-
spired by the ansatz of [43] we shall assume that
the scalar fields Φ,Ψ, pi are not only spherically
symmetric, but also that the dependence on t, r
only comes through
Φ(r, t) = Φ(reHt) = Φ(ρ) etc. (28)
That it is reasonable to ask for such static solutions
to be compatible with the expansion of the space-
time is due to the isometries of de Sitter space.
Indeed, the metric (5) on the background with
a(t) = eHt, rewritten in spherically symmetric co-
ordinates is invariant under t→ t+ λ, r → e−Hλ.
Since under this transformation ρ = reHt → ρ
is also invariant, then the static ansatz (28) is
compatible with the isometries of de Sitter back-
ground.4 In fact, it also has a physically well mo-
tivated meaning since ρ = reHt = a(t)r is just
the physical radius as opposed to the comoving
one. For instance, also the gravitational potential
in GR around a spherically symmetric static source
in an FRW universe equals to Φ = −GM/(a(t)r).
We also emphasize that the static ansatz (28) can
only be a valid solution if also the coefficients m2
and m3 are time independent. Therefore, in the
remainder of this section we shall set
m2 ,m3 = const . (29)
3 The notations for the static coordinates ρ, τ and the FRW
coordinates r, t are exchanged in [43].
4 We thank Andrew Tolley for pointing this out.
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phisms (including constant shifts) are broken by
our EFT construction, forbidding these coefficients
to bear any time dependence is unnatural. Never-
theless it is justified when constraining the anal-
ysis to de Sitter spacetime. Time dependence of
m2,m3 in this case introduce deviations from exact
de Sitter and their time derivatives can be regarded
as additional slow-roll parameters. We shall come
back to this point in Section IVC.
The linearized equations of motion of the field
perturbations for the vacuum configuration (i.e.
in the absence of any additional matter sources
besides the metric and the scalar field) can be sim-
plified to:
Ψ′ − Φ′ = 0 , Φ + ρΦ′ = 0 ,
−Φ +Hρpi′ = 0 , (30)
where the prime denotes a derivative with respect
to the physical radius ρ. The above equations are
solved by 1/ρ profiles for all the three fields. A
few remarks are in order. In particular, let us note
that the first equation in (30) follows from the off-
diagonal ij components of the Einstein equations
and has been integrated over the radial coordinate.
On the other hand, the second and third equation
in (30) are specific combinations of the tx and xx
components of the Einstein equations and only de-
pend on the first order derivatives without the need
of integration. This already points towards the fact
that the asympotic relationships between the three
fields Φ,Ψ, pi are independent on the nonlinearities
of the system under the symmetry conditions (28).
A. The current
Let us elaborate on this statement by looking
at the current components as defined in (20). In
particular, we will show that the asymptotic rela-
tionship (30) can be expressed as the vanishing of
one of the current components. Due to the field
dependence (28) it proves useful to switch from
the Cartesian coordinate system first to the spher-
ical coordinates and then to the coordinate system
(τ, ρ, ϕ, θ) with τ = t and ρ = a(t)r. The met-
ric (5) thus becomes:
ds2 =
(
−e2Φ(ρ) +H2ρ2e−2Ψ(ρ)
)
dτ2+ (31)
− 2Hρdρdτ + e−2Ψ(ρ)dρ2 + ρ2e−2Ψ(ρ) dΩ2 .
We then find the Jρ component of the current from
Eq. (20) by first finding the current components
J t, J i in the comoving Cartesian coordinates and
then transforming them as
Jρ = a(t)2
xiJ i
ρ
+ ρHJ t (32)
= 4Hρm42 (−Φ +Hρpi′)
− 3H2ρm33 (Φ + ρΨ′)−m33 (H pi′ + Φ′) .
By comparing the above expression to the equa-
tions of motion (30) it is straightforward to see
that Jρ = 0 on shell. Hence, the radial component
of the current vanishes exactly on the equations of
motion. Curiously, also the linear Jτ component
vanishes on shell. Indeed,
Jτ = 4m42 (−Φ +Hρpi′)
− 3Hm33 (Φ + ρΨ′)−
m33
ρ2
(
2ρ pi′ + ρ2pi′′
)
.
The vanishing of the radial current component can
be understood when considering the variation of
the action (4) under diffeomorphism transforma-
tions. This relation was observed earlier in [58]
for static black holes; we shall follow their analysis
closely below.
A variation of the action (4) can be written in a
general form as
δS =
∫
d4x
√−g
(
δS
δgµν
δgµν +
δS
δφ
δφ
)
. (33)
If the variation is due to a diffeomorphism trans-
formation
xµ → x˜µ = xµ + ξµ(x) (34)
the change in the metric and the scalar field is
accordingly:
δgµν = ξµ;ν + ξν;µ , δφ = −∂µφ ξµ , (35)
where ξµ;ν ≡ gνα∇αξµ. By defining the metric
equations of motion as
Eµν ≡ 2√−g
δS
δgµν
(36)
and the scalar field equation of motion Eφ as in (19)
we can rewrite the variation as
δS =
∫
d4x
√−g
[
1
2
Eµν (ξµ;ν + ξν;µ)
+
(
∇αJα − ∂L
∂φ
)
∂µφ ξ
µ
]
. (37)
The traditional use of this expression is to obtain
the conservation equations (the so-called Bianchi
identities):
∇νEµν + Eφ∂µφ = 0 . (38)
This equation has a twofold significance. First, it
means that on scalar fields equation of motion the
stress-energy tensor is conserved. Second, it shows
that the equations of motion of the metric and of
the scalar field are not all independent, but are
related through (38). Indeed, for our field config-
uration (3), (28), and (31), its 0-th component at
linear level reads
∂τ
(Eττ −M2Pl Jτ)+ 1ρ2 ∂ρ (ρ2 (Eρτ −M2Pl Jρ)) = 0 .
(39)
This is an off-shell equation and is exactly satisfied.
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There is yet another way how to make use of
the variation of the action above. To see this let
us consider a diffeomorphism
ξµ(x) = (ξτ (ρ), 0, 0, 0) . (40)
One can show that for this choice of ξµ we have
Eµν (ξµ;ν + ξν;µ) = 2Eρτ ∂ρξτ , (41)
valid up to arbitrary order in perturbations. For
the variation of the action we thus obtain
δS =
∫
d4x
√−g
[
∂ρξ
τ
(Eρτ −M2Pl Jρ)− ∂L∂φM2Pl ξτ
]
.
(42)
Hence, in the absence of an explicit violation of the
shift invariance, i.e. when ∂L/∂φ = 0, one arrives
at the relationship:5
Eρτ −M2Pl Jρ = 0 . (43)
Given the expression (A7), we see that this is pre-
cisely the case in de Sitter universe with time in-
dependent coefficients m2,m3. From the above
equation it thus follows that the radial component
of the current coincides with the equation of mo-
tion Eρτ at all orders. One can check by explicit
computations at linear order that indeed the equa-
tion (43) is satisfied off-shell.
Hence, we conclude that the radial component
of the current vanishes on shell at all orders in
perturbations:
Jρ = 0 . (44)
In particular, the linearized version of the above
equation gives an asymptotic relationship between
the fields Φ,Ψ, pi and their first derivatives.
B. Nonlinearities, matter and black holes
The linearized equations (30) are valid in vac-
uum and do not tell what the gravitational fields
around an object of a given mass are. To take this
into account, let us retain the pseudo stress tensor
τ00 , as defined in (11), in our equations of motion.
We note that the variation (42) include τ00 implic-
itly, since Eµν refers to the full metric equations of
motion. Hence, also the statement about the van-
ishing of the current (44) remains unchanged and
gives one equation for the three fields Φ,Ψ, pi.
If τ00 is only due to nonlinearities, i.e. δTmµν = 0,
then we are considering black holes. In turn, a
5 We should note that choosing the gauge parameter ξµ to
be time independent makes the variational problem some-
what subtle. In general, the relationship (43) should come
with an additional time integral
∫ τfinal
τinitial
dτ . However, in
an entirely static in τ situation, which in our case is equiv-
alent to saying that ∂L/∂φ = 0, the integral is trivial. We
thank Alberto Nicolis for extended discussions on this.
point-like test particle placed at the origin would
have τ00 = −Mδ(3)(0)/a(τ)3. In the following we
shall leave the internal decomposition of τ00 unspec-
ified and solve for the gravitational fields sourced
by it.
Due to the spherical symmetry of the system,
the only non-zero components of the metric equa-
tions of motion are Eττ , Eτρ , Eρρ , Eϕϕ , Eθθ. More-
over, the last three of them only depend on two in-
dependent combinations of the orginial Cartesian
equations of motion, defined through:
Eij ≡ Eoffij + δijEdiag , (45)
Eoffij ≡
(
xixj − 1
3
δijr
2
)
Eoff . (46)
Combined with the equation of motion for the
scalar and with the τ and ρ components of the
Bianchi identities (38) we have in total 4+1−2 = 3
equations for the three fields Ψ,Φ, pi. The most
convenient choice is setting Jρ, Eττ , Eoff to zero.
As in the case of the subhorizon limit, the off-
diagonal equation allows us to set Φ = Ψ. Using
this, vanishing of Jρ gives the following relation-
ship:
− Φ +Hρpi′ = m33
1 + 3H2ρ2
−m33 + 4Hρ2m42
(ρΦ)′ . (47)
We note that the right-hand side of this equation
vanishes for 1/ρ profiles, i.e. when ρΦ = const.
Finally, the Eττ equation reads:
0 = m33∆pi + 2M
2
Pl∆Φ + τ
0
0 (48)
+
(
4m42 + 3m
3
3H
)
(Φ−Hρpi′)
+ 3H
(
m33 − 2HM2Pl
)
(ρΦ)′ .
By using the equation (47), the second line can be
expressed in terms of (ρΦ)′ and thus only the first
line survives for 1/ρ profiles. It can be solved in
terms of the ADM mass, defined in (15), to give:
Φ +
m33
2M2Pl
pi = −MG
ρ
, (49)
where G is the Newton’s constant with 2M2Pl =
(4piG)−1 . Together with Eq. (47) and the relation
Φ = Ψ this determines both the scalar field profile
and the gravitational potential felt by the object
entirely in terms of its ADM mass. This means
that the equivalence principle is obeyed in these
theories, since the ADM mass bears no distinction
between how it is split into rest masses, energy
from self-interactions or self-gravitational energy.
Hence, it treats all objects on equal footing.
We also observe that it is obvious from the equa-
tion above that a time dependent m3(τ) would
be inconsistent with the solution (49) for a con-
served ADM mass (15). Therefore, for the field
ansatz (28) to be a solution of our system, we
must restrict our argument to time independent
m3, as argued earlier. At the same time, a time
dependent m2 still allows for static gravitational
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potentials at linear level. Indeed, for 1/ρ profiles,
the time dependence of m2 would be irrelevant for
solving Eq. (47). However, at higher orders m˙2 6= 0
would inevitably introduce time dependence in the
system and thus must be set to zero for field con-
figurations (28). We therefore conclude that time-
dependent m2,m3 violate the equivalence princi-
ple. We discuss it together with the violation due
to the time dependence of the Hubble parameter
in the next section.
Finally, let us point out that the solution given
by equations (47) and (49) is a valid spherically
symmetric, static (in physical coordinates) star
and black hole solution in de Sitter space. Trans-
forming the coordinates (τ, ρ) to the static patch
coordinates (τ˜ , ρ) by
τ˜ = τ − 1
2H
ln
(
1−H2ρ2) , (50)
we obtain
g˜ττ = −e2Φ +H2ρ2e−2Ψ , (51)
g˜ρρ =
e−2Ψ −H2ρ2e2Φ
(1−H2ρ2)2 , (52)
g˜τρ =
Hρ
1−H2ρ2
(
e2Φ − e−2Ψ) . (53)
In the subhorizon small field limit with Hρ,Φ 
1 it reduces to the Schwarzschild-de Sitter metric
with f(ρ) = 1 + 2Φ−H2ρ2.
C. Generalize to FRW?
An FRW universe with a slowly changing Hubble
rate can be described by the theory (4) upon in-
cluding a background stress-energy tensor Tm µν =
diag(−ρm, pm, pm, pm). In the following we shall
assume a pressureless matter with pm = 0. As
opposed to the case of de Sitter, now the matter
energy density is time dependent and thus, also
the Hubble rate and the parameters Λ = Λ(τ) and
c = c(τ), as determined by equations (9).
The complexity of the equations of motion in-
creases considerably and we cannot obtain an ana-
lytic solution even in the absence of any additional
matter source and nonlinearities. While the solu-
tion can in principle be found numerically, the pre-
vious argument that allowed us to set Jρ = 0 in the
case of de Sitter cannot be applied anymore. Let us
demonstrate how several of the steps in derivation
that lead to (44) cannot be performed anymore.
As before, we wish to consider variation of the
action (37) under a diffeomorphism (40). For a
time dependent system we have to allow for ξτ =
ξτ (τ, ρ). We then find
1
2
Eµν (ξµ;ν + ξν;µ) =
Eττ ∂τξτ + Eρτ ∂ρξτ − ρH˙Eτρ ξτ . (54)
In comparison to (41) there is an extra term pro-
portional to ξτ . Upon inserting this in the varia-
tion of the action we obtain
δS =
∫
d4x
√−g [∂ρξτ (Eρτ −M2Pl Jρ) (55)
+∂τξ
τ
(Eττ −M2Pl Jτ)
−
(
ρH˙Eτρ +
∂L
∂φ
M2Pl
)
ξτ
]
.
We further note that in the presence of ρm the
background values of Jµ and ∂L/∂φ become
Jτ =
2c(τ)
M2Pl
, Jρ = HρJτ , (56)
M2Pl
∂L
∂φ
= c˙(τ)− Λ˙(τ) , (57)
giving additional contributions when expanding
the variation (55) up to given order in perturba-
tions. Moreover, in distinction from de Sitter case,
∂L/∂φ is non-zero already at linear level, as is ob-
vious from the non-perturbative expression (A7).
The resulting conservation equation of our interest
can then be obtained by varying the action with
respect to ξτ = ξτ (τ, ρ) and gives:
−∂ρ
(√−g(Eρτ −M2Pl Jρ))
−√−g
(
ρH˙Eτρ +M2Pl
∂L
∂φ
)
− ∂τ
(√−g (Eττ −M2PlJτ)) = 0 . (58)
This is again an off-shell equation. In distinction
from (43) the first line appears with a radial deriva-
tive and there are new contributions due to the
time dependence. In particular, there is no way
of arguing that the term in the second line can be
dropped. Moreover, one can explicitly check that
it contains contributions of the same order as the
term in the first line. Indeed, at linear oder we
find:
(1st) ⊃ 4ρ3H3m33
(
H˙
H2
+
(m33)
·
Hm33
)
pi′
(2nd) ⊃ ρ3H2
[
ρm
(
−3 + H˙
H2
)
+4m33
H˙
H
+ 2M2PlH
2
( H˙
H2
)2
+
H¨
H3
pi′ ,
where we use the notations (1st) and (2nd) for the
first and second line in (58) respectively. We note
that all the terms appear due to the presence of
matter, ρm, and the time dependence of the Hubble
parameter and m3. Importantly, we see that the
m33 terms give contributions of the same order.
Thus one cannot neglect the impact of the FRW
spacetime and there is no way to argue that an
equation of type (44) should exist. Nevertheless,
one should keep in mind that in the context of dark
energy (or, similiarly, of inflation) one is interested
in quasi de Sitter spacetimes. Thus one can work
with the result of de Sitter, where we have shown
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that the equivalence principle holds, and only con-
sider violations of it due to the time dependence of
the Hubble rate and parameters m2,m3. In par-
ticular, one could introduce a set of approximately
constant parameters corresponding to
ρm ,
H˙
H2
,
H¨
H3
,
(m42)
·
Hm42
,
(m33)
·
Hm33
, . . . (59)
to quantify these deviations. It is beyond the scope
of the present paper and will be left for future
work.
V. GEODESICS IN FRW
In this section we shall compute the accelera-
tion felt by an object moving in an external con-
figuration of the fields {Φ0,Ψ0, pi0} in the modified
gravity theories (1). We shall then check whether
the equivalence principle holds in these models, i.e.
whether the object moves on a geodesic. A partic-
ular emphasis will be put on describing the motion
of finite size (extended) objects. For this we shall
use the approach of Einstein, Infeld and Hoffmann
[47, 48] and will follow closely the procedure of [23].
An alternative formalism for describing the dy-
namics of non-relativistic extended objects cou-
pled to gravity relies on using effective field theory
methods [59, 60]. In flat space, one can see grav-
ity as a theory of an interacting spin-two particle
described by a tensor field hµν ≡ gµν − ηµν . The
extended object can in turn be approximated as
a point-particle with a worldline coordinate xµ(λ)
that depends on an arbitrary affine parameter λ.
It is possible to describe their mutual interactions,
as well as their interactions with external fields,
by constructing an EFT Lagrangian that is consis-
tent with the symmetries of the long-wavelength
physics. In our case the relevant symmetry is the
general coordinate invariance. At leading order,
the effective action describing the graviton and a
point particle of mass M is simply:
Seff = Sgravity + Spp
=
M2Pl
2
∫
d4x
√−g R−M
∫
dτ ,
(60)
where dτ2 = gµν(x(λ))dxµdxν is the proper time
variable. Varying with respect to xµ gives the
usual geodesic equation of a test particle. The cor-
rections due to the finite size effects then emerge
from the higher order operators that can be added
to the point particle action [59, 60]:
Spp = −M
∫
dτ+cR
∫
dτR+cV
∫
dτ Rµν x˙
µx˙ν+. . . ,
(61)
where x˙µ = dxµ/dτ and the dots stand for an in-
finite series of higher curvature corrections. This
EFT is valid at energy scales krs  1 where rs is
the size of the object. The precise values of the co-
efficients cV , cR can be obtained from a UV match-
ing procedure to some microscopic model of the
internal structure of the object. The idea is then
to compare the observables computed in the full
short distance theory and in the effective theory.
In the case when gravity is modified to a scalar-
tensor theory, the additional scalar degree of free-
dom, pi, also needs to be included in the EFT de-
scription (60). In particular, in a shift-invariant
theory with Vainshtein screening mechanism the
effective action describing the coupling of the
scalar field to a localized source would include op-
erators like∫
dτ
(
c(1)∂µ∂νpi + c
(2)∂µ∂αpi∂
α∂νpi + . . .
)
x˙µx˙ν .
(62)
For an extended object, the dimensionful coeffi-
cients c(1), c(2) parametrize our ignorance about
the internal structure and finite-size effects of the
object. Importantly, inside the Vainshtein region
the second order derivatives ∂2pi can lead to size-
able effects. The point that we want to emphasize
here is that a priori one would therefore expect
these operators to modify the geodesic equation of
the extended object. The upshot of this section is
to show, in an indirect way, that such corrections
do not arise in the scalar-tensor theories governed
by the action (4).
A. The method
In what follows we shall be working in the Carte-
sian FRW coordinates (5) and will always take the
quasi-static subhorizon limit. To characterize the
object, in addition to its mass M , defined in (15),
we also define its position and momentum:
Xi ≡ −
∫
d3x a3 xi τ0
0/M , (63)
Pi ≡
∫
d3x a3 τi
0 , (64)
where the volume integral is taken over a sphere
of radius r enclosing it. The gravitational force
exerted on the moving object can then be found as
the time derivative of the momentum P˙i. In order
to test the equivalence principle we shall relate the
force to the acceleration of the object, calculated
as X¨i. In order to take the time derivatives of Pi
and Xi and to manipulate the volume integrals in
the definitions (63) and (64), we will need various
conservation laws that we present below.
1. Conservation laws
The Bianchi identity of the Einstein tensor, i.e.
the fact that ∇µGµ ν = 0, guarantees that the
linearized Einstein tensor obeys the following lin-
earized conservation laws:
∂ν
(
a3GL 0
ν
)
= a3HGL i
i , (65)
∂ν
(
a3GL i
ν
)
= a3∂iΦ
(
G¯00 −
1
3
G¯ii
)
, (66)
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where the bar denotes the background values. We
remark that the first relation is only valid in the
subhorizon limit. Combining the above expres-
sions with the Einstein equations (6) and the co-
variant conservation law (8) we can derive the con-
servation laws for the pseudo stress-energy tensor
τµ ν . These read:
∂µ
(
a3τµ 0
)
= a3
[
Hτ i i + ENL,pi
]
(67)
∂µ
(
a3τµ i
)
= −a3∂iΦ(ρm + pm) , (68)
where ENL,pi is defined as the nonlinear part of
Eq. (14). We stress again that the first relation in
only valid in the subhorizon limit while the second
equation is exact. We see that the 0th component
of the pseudo stress tensor is not conserved at non-
linear level. In comparison, for an object moving
on a flat background in GR, the right-hand side of
the first equation vanishes.
Finally, let us note that due to (67) in general
also the mass M in (15) is not conserved in theo-
ries (1). Instead, we obtain
M˙ =
∫
d3x a3
[−ENL,pi −Hτ i i + ∂iτ i 0] . (69)
As was explained in II C, the integral over the sec-
ond term vanishes for stationary and virialized sys-
tems. The last term can in turn be transformed
into a surface integral
∮
dSi τ
i
0 that vanishes un-
der the assumption of zero energy flux through the
integration surface. Hence, the non-conservation
of the ADM mass, only arises due to the first term
in (69).
2. Geodesic equation
In order to write the geodesic equation, we will
need to relate the force P˙i to the acceleration of
the object X¨i. Let us first compute X˙i. Using the
defenition (63) together with the conservation law
(67) we can write
X˙i =
1
a2
Pi
M
(70)
− 1
M
∫
d3xxi a3
[
Hτ j j + ENL,pi
]− M˙
M
Xi .
In deriving the above expression we have neglected
the surface integral
∫
dSj x
iτ j 0. For future ref-
erence let us define the integral appearing in the
above equation as:
I(t) ≡
∫
d3xxi a3
[
Hτ j j + ENL,pi
]
. (71)
By taking another derivative we arrive to the ex-
pression for the acceleration
X¨ + 2HX˙ =
1
a2M
∂0
(
Pi − a2 I
)
, (72)
where we have omitted the terms arising due to
the non-conservation of the ADM mass for rea-
sons that we shall explain below. We note that
the additional Hubble friction term on the left-
hand side of this equation arises naturally in the
geodesic equation for a worldline Xµ(λ) in FRW
spacetime, which in the absence of the force would
read d
2Xµ
dλ2 + Γ
µ
νρ
dXν
dλ
dXρ
dλ = 0 .
The quantity on the right-hand side of (72) gives
the force exerted on the moving object. For this we
need to evaluate the time derivative of the momen-
tum, defined in (64). By using the conservation
law (68) we find
P˙i = −a3
∮
dSjτ
j
i − a3
∫
d3x (ρm + pm) ∂iΦ ,
(73)
where the integration measure dSj = dA · nj de-
notes a surface integration with dA being the sur-
face area element with the outgoing unit normal
nj . The integration surface can be chosen so that
δTm µ
ν vanishes on it so that one only needs to
evaluate the nonlinear contributions to the inte-
grand τ j i. The advantage of defining the momen-
tum Pi through the pseudo stress tensor τµ ν de-
fined as in (11) is apparent now—according to (68)
it is conserved and thus we were able to reduce the
computation of its time derivative to a surface in-
tegral instead of a volume integral. This allows us
to compute the gravitational force felt by the mov-
ing object without specifying its internal structure.
Moreover, we only need to specify the fields on the
boundary, which we can choose to be far away from
the source, where one can use the perturbative ex-
pansion.
3. Background–object split
In order to evaluate the surface integral, we de-
compose the field perturbations X = {Φ,Ψ, pi}
on the surface of the sphere, centered around
r = 0 and enclosing the object of interest, in two
parts [23]:
X = X0 + X1(r) , X0(xi) ' X0(0) + ∂iX0(0)xi ,
(74)
where X1 represent the fields due to the object
itself while X0 amount to some large scale back-
ground fields that vary mildly on the scale of the
sphere. We do not specify the origin of these back-
ground fields, but use the freedom to add such lin-
ear gradient fields to any other solution to equa-
tions consisting of second order spatial derivatives.
This is the case in the quasi-static subhorizon limit.
For performing the integrals in (73) we use the
following useful relationships for {X ,Y} satisfying
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the ansatz (74):6∮
dSi ∂
iX ∂jY = 4pi
3
r2∂jX0Y ′1 + 4pir2∂jY0X ′1 ,∮
dSi X (δij∆Y − ∂i∂jY) = 8pi
3
r2∂jX0Y ′1 ,∮
dSj ∂kX ∂kX = 8pi
3
r2∂jX0X ′1 . (75)
By performing this split in the last term of (73) as
Φ = Φ0+Φ1(r), we see that the only surviving term
is the one coming from ∂iΦ0. Assuming that inside
our volume of integration the mass of the object
is larger than the total mass of the background
matter fields characterized by ρm, pm, allows us to
neglect the last term in (73).
B. Test particles
It is instructive to start by looking at the case
of test particles, even though the result is trivial—
their inertial and gravitational masses are equal
and they move on geodesics. The advantage of test
particles is that the perturbative expansion is a
valid approximation everywhere. In particular, the
integral (71) can be evaluated at quadratic order
in perturbations by making use of the following
useful relationship, derived from (8):
Hτ (2)i i + E(2,pi) = ∂iT (2,pi)i 0 . (76)
The above relationship is derived in subhorizon ap-
proximation, i.e. in the leading order of deriva-
tives. For the derivative of the ADM mass we thus
obtain:
M˙ = −M2Pl
∮
dSja
3G(2) j 0 = 0 . (77)
Similarly, for the geodesic equation (72) we find:
X¨i+2HX˙i = (78)
1
a2M
∂0
[
Pi −
∫
d3x a3 T (2,pi)0 i
]
.
We stress that this equation was derived by only
assuming the validity of the perturbative expan-
sion without ever referring to the exact form of
the action. We have then used the scalar field
equation of motion (8) together with the conser-
vation laws of the pseudo stress tensor in (67) and
(68). The equation (78) is, however, important—it
states that in the presence of a scalar field the force
that is felt by a test particle moving in the grav-
itational field is not given by the time derivative
of momentum as defined in (64). Instead, the con-
tribution of the scalar field has to be subtracted.
6 We have also made use of the identities ∂iX1(r) = niX ′1,
∂i∂jX1(r) = ninjX ′′1 +(δij −ninj)
X ′1
r
,
∮
dA ·nj = 0 and∮
dA · ninj = 4pi3 r2δij .
Physically this shows that the gravitational force
felt by a test particle is not altered by the presence
of the scalar. In general, however, the nonlinear ef-
fects modify the geodesic equation as in (72).
As was said above, for the test particle, all the
nonlinear quantities can be evaluated at quadratic
order. By explicit calculation for the action (4) we
then find
P˙i − ∂0
∫
d3x a3T (pi,2) 0i =
∂iΦ0
∫
d3x a3
(
τ0 0 − 1
3
τ i i
)
+∂ipi0
∫
d3x a3ENL,pi .
(79)
We note that the right-hand side of this expres-
sion is completely nonlinear and we have not as-
sumed validity of the perturbative expansion. We
have only used the explicit form of the quadratic
stress-energy tensor, together with the equations
of motion (12)–(14) written through the nonlinear
quantities τµ ν . For test particles, the nonlinear
term on the last line can be dropped, and for a non-
relativistic source τ0 0  τ i i. We thus get that the
only relevant contribution on the right-hand side
of the above equation is −M∂iΦ0, whereM stands
for the ADM mass defined in (15). Inserting this
in (78) we recover the correct geodesic equation
X¨i + 2
a˙
a
X˙i = − 1
a2
∂iΦ0 . (80)
We present the detailed derivation of Eq. (79) to-
gether with the expressions for the quadratic com-
ponents of the stress-energy tensor Tpiµν in Ap-
pendix B.
C. Extended objects
In this section we shall extend the derivation of
the gravitational force felt by a test particle to the
case of extended objects. In this case we assume
that the self-gravitational energy is still negligible,
however screening effects close to the object need
to be taken into account. Technically this means
that far from the object, i.e. outside its Vain-
shtein radius, the fields Φ,Ψ, pi and their deriva-
tives are still in the perturbative regime. Inside the
Vainshtein radius, however, while the fields them-
selves can still be treated perturbatively, the higher
derivative terms ∂2X for X ∈ {Φ,Ψ, pi} become
dominant and need to be taken into account.
Let us start by considering the time derivative
of the center of mass coordinate, given in (70). In
particular, let us discuss the problematic integral
I defined in (71). The integrand here is a fully
nonlinear expression. In the case of test particles
the perturbative expansion was valid everywhere
and we could use the quadratic expression (76) in
order to evaluate this integral. The situation is
different for sizeable objects—in the close vicinity
to the object, i.e. inside its Vainshtein radius rV ,
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the nonlinear derivative interactions of the scalar
field dominate. However, as was discussed in great
detail in Sec. III C, in theories described by the
action (4), the leading Vainshtein interactions arise
at the cubic order. These result in the following
non-trivial contributions in the integrand of (71):
I lead =
∫
d3xxi a3
[
Hτ (pi,2)j j + E2,pi +Hτ (pi,3)j j
]
.
All higher order contributions will be subleading.
We further note that the derivative structure of
these leading terms is τ (pi,2)j j ∼ (∂pi)2, E2,pi ∼
(∂2pi)2 and τ (pi,3)j j ∼ (∂pi)2∂2pi. It is known that
inside the Vainshtein region ∂2pi  (∂pi)2. Hence,
the cubic term above can be neglected and the in-
tegrand of (71) contains contributions that can-
not be neglected for sizable objects with negligible
self-gravity only in terms up to quadratic order in
perturbations. As for the test particle, it can be
evaluated by using the relationship (76), giving
I(2) =
∫
d3xxi a3∂jT
(pi,2)j
0 = −
∫
d3x a3 T (pi,2)i 0 ,
(81)
where we have dropped a surface integral over en-
ergy flux in the last equality.
In order to derive the geodesic equation we sub-
stitute the above result in (72), leading to (78).
In distinction from the case of the test particles,
however, we have to take into account also the
cubic contributions to the time derivative of the
momentum Pi. Thus, at the leading order in the
subhorizon limit instead of Eq. (79) we get:
P˙i−∂0
∫
d3x a3T (pi,2) 0i =
∂iΦ0
∫
d3x a3
(
τ0 0 − 1
3
τ i i
)
+∂ipi0
∫
d3x a3E2,pi −
∮
dSj a
3T (pi,3)j i .
(82)
At this point the fact that we are dealing with an
extended object again becomes relevant. It can
still be taken to be non-relativistic, so that the
terms on the second line can be expressed in terms
of the ADMmass as in the case of the test particles,
leading to −M∂iΦ0. However, the cubic terms
on the second line are slightly more problematic.
In particular, there is a remaining volume integral
which we cannot evaluate without knowing the full
nonlinear field solutions also within the Vainshtein
regime. A resolution to this comes from the ap-
proximate shift invariance of the theory. This al-
lows one to write the equation of motion for the
scalar field in the subhorizon limit in the form of a
spatial divergence as in (25). In fact, it takes the
form of a twofold spatial divergence:7
E lead2,pi = −
m33
a4
∂i∂j
[
∂ipi∂jpi − δij(∂pi)2
]
(83)
= ∂iT
(2,pi)i
0 .
The last equality follows from the general rela-
tion (76) (given that in the quasi-static subhorizon
limit τ (2)i i  E lead2,pi ), but can also be seen to hold
from the explicit form (B2).
There are then two possible ways to deal with
the cubic terms on the last line of (82). The sim-
plest way of evaluating them is to use the explicit
form of the scalar equation of motion to rewrite
the cubic terms as surface integrals∮
dSj a
3
(
∂ipi0 T
(2,pi)j
0 − T (pi,3)j i
)
. (84)
We can then choose the integration surface outside
the Vainshtein radius of the object, where the field
perturbations are in the linear regime and the aris-
ing contributions from the integrals are negligible.
By substituting the remaining terms of (82) in (78)
we then arrive at the geodesic equation
X¨i+2
a˙
a
X˙i = − 1
a2
∂iΦ0
+
1
a2MH
∂i(Hpi0)
∫
d3x a3EsubleadNL,pi ,
(85)
where we have added the factors of H in the last
term, so that both ∂iΦ0 and ∂i(Hpi0) have the same
dimensionality.
One might be rightly concerned that taking the
integration surface so far away from the object the
background-object split is not valid anymore. In-
deed, for any ordinary object its Vainshtein radius
is much larger than its size. Moreover, it over-
laps with the Vainshtein radii of other objects, even
when the physical distance between the actual ob-
jects is large. Thus it is certainly not reasonable to
assume that the background fields can be approx-
imated as linear divergence fields over such large
scales. In [23] it was, however, argued that it is suf-
ficient if one can approximate the background field
as a linear gradient field in a neighbourhood close
to the object.8 Due to the shift symmetry of the
derivative, ∂µpi → ∂µpi+ cµ, one can then extrapo-
late the linear background field close to the object
up to distances exceeding the Vainshtein radius.
This argument cannot be straightforwardly applied
on FRW backgrounds, even though one would ex-
pect the argument to hold in the subhorizon limit.
Let us prove that the geodesic equation (85) is in
fact the correct result for the equation of motion of
7 This observation holds also in the case when the quar-
tic Vainshtein interactions are present in the action. See
Appendix C 3 for the explicit form.
8 For limitations of this assumption in the deeply non-linear
regime when the Vainshtein regions of the test object and
the object sourcing the background field overlap, see [61].
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an extended object moving in a linear background
field. For this we shall evaluate the integral (84)
exactly, on a surface close to the object where the
background fields can safely be assumed to be lin-
ear gradient fields. By performing the background-
object split in the expression (B3) of the cubic
stress-energy tensor components, we obtain for its
surface integral:∮
dSj T
(pi,3)j
i = −2m
3
3
a4
∂ipi0
(pi′1)
2
r
· 4pir2 , (86)
where we have used that
∮
dA · ninjnk = 0. Simi-
larly, for the other integral in (84) we find:∮
dSj T
(2,pi)j
0 = −2m
3
3
a4
(pi′1)
2
r
· 4pir2 . (87)
Combining the two we see that the total cubic
contribution (84) vanishes without specifying the
radius of the integration surface r. Hence, the
geodesic equation (85) is indeed our final result.
We thus conclude that the equivalence principle
holds for screened extended objects, up to some
violations due to the subleading terms in the equa-
tion for pi. These arise from the terms that do not
come in the form of a spatial divergence and will
be evaluated in the next section.
At last, let us note that starting from Eq. (72)
we have dropped the contributions of the order
O(HM˙/M) to the geodesic equation. Given the
expression (69) one can argue, along the same lines
as above for the integral I, that the ADM mass is
also conserved for extended objects.
D. Estimate for violation
In this section we would like to estimate the or-
der of magnitude of the violations of the equiv-
alence principle for extended objects. According
to our computations, the only modification to the
geodesic equation is of the form (85). As we em-
phasized already, the Vainshtein mechanism takes
place due to the cubic order interactions in the
EFT action. Hence, the relevant nonlinear con-
tributions to the equations of motion truncate at
second order and are given by E lead2,pi in (83). We
are interested in evaluating the contributions from
the next-to-leading terms appearing at quadratic
level. These are, for instance,
Esublead2,pi = −
m33
2a2
H2∂ipi∂ipi . (88)
By performing the object-background split (74) we
find that the volume integral over these terms gives∫
d3x Esublead2,pi = m33H2
∫
d3x
[
(∂ipi0)
2
+ (nipi
′
1)
2
]
= 4pim33H
2
∫
dr r2 (pi′1)
2
,
(89)
where in the last equality we have dropped the con-
tributions coming from the background since the
integral should be dominated by the contributions
from the object itself. We note that we are inte-
grating over a sphere of radius r that is enclosing
the object, but is large enough so that the field
pi1 is determined by its asymptotic monopole so-
lution. On the other hand the sphere should be
small enough that the external gravitational fields
can be approximated as linear gradient fields.
1. Linear solution
Let us first evaluate (89) for pi1(r) given by the
asymptotic solution from the linear equations of
motion, obtained by combining eqns. (12)-(14):[
−2M
2
Pl
m33
c− 2M2PlH +m33
]
pi′1 =
M
a
1
4pir2
. (90)
For a generic modification of gravity, all the terms
inside the square brackets are of the same order:
M2Pl
m33
c ∼M2PlH ∼ m33 . (91)
We can thus write an order of magnitude estimate
pi′1 ∼
M
m33
1
r2
. (92)
2. Vainshtein solution
Next, let us estimate the Vainshtein scale for
the theory at hand. The only equation in which
the Vainshtein nonlinearities play a significant role
is the scalar field equation of motion. In the sub-
horizon limit this reads:
1
a2
[
2c∆pi +m33 (H∆pi + ∆Φ)
]
=
m33
a4
∂i∂j
[
∂ipi∂jpi − δij(∂pi)2
]
.
(93)
We shall fix the Hubble parameter to its present
value and set a(t) = a0 = 1 in this section; this
will give correct order of magnitude estimates. The
Vainshtein scale is defined as the scale at which the
nonlinear terms on the right-hand side become of
the same order as the linear terms on the left-hand
side of this equation. We can estimate the scale by
schematically comparing
m33∂
2(∂pi)2 ∼ c ∂2pi ∼ m33∂2Φ , (94)
where in the spherically symmetric case we can
further replace ∂ → r−1. From the first ’equality’
in the above relation we then obtain that at the
Vainshtein radius pi ∼ c r2V /m33. By equating this
with the linear solution (92) and using c ∼ m63/M2Pl
from (91), we get for the Vainshtein scale
rV =
(
MM2Pl
m63
)1/3
. (95)
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We can then find the spherically symmetric solu-
tion for pi deep inside the Vainshtein radius, when
the nonlinear terms in (93) dominate. Simplifying
the above expression as r−2Φ ∼ r4pi2 and taking
the linear solution for Φ ∼ M/M2Pl/rV , we obtain
the screened solution
piscreen ∼
√
Mr
M2Pl
, r  rV . (96)
3. The corrections
Now we are able to evaluate the correction (89)
by splitting the integral of the subleading terms
in (89) as∫
dr r2 (pi′1)
2
=
∫ rV
0
dr r2 (∂rpiscreen)
2
+
∫ r
rV
dr′ r′2 (∂r′pi1)
2
.
(97)
Given the functional forms of the solutions (96)
and (92) we see that both integrals in (97) give
their main contribution at r = rV and are of the
same order of magnitude:
∫ rV dr r2 (∂rpiscreen)2∫ rV dr r2 (∂rpi1)2 ∼
r2VM
M2Pl
M2
m63rV
=
r3Vm
6
3
MM2Pl
= O(1) .
(98)
To evaluate the contribution of the subleading
terms to the geodesic equation (85) we can there-
fore approximate it by evaluating one of the inte-
grals at the Vainshtein radius. After recasting the
result in a more meaningful form we find
H−1
M
∫
d3x Esublead2,pi ∼
rg
rV
, (99)
where rg = M/M2Pl is the Schwarzschild radius of
the object and we have used HM2Pl ∼ m33.9 For an
object of mass M0, the ratio rg/rV equals to
rg
rV
∼
(
HM0
M2Pl
)2/3
 1 . (100)
For any astrophysical object this ratio is very
small. As an example, for the Sun this ratio is
∼ 10−15. In fact, the mass of the object should
coincide with the mass of the whole universe for
this ratio to be of order one.
As we have emphasized already, for ordinary ob-
jects the Vainshtein radius is much larger than
their size. Therefore, for the background-object
split to be valid, the integration volume in (97)
9 Let us remark that assumingHM2Pl ∼ m33 is equivalent to
relating the Vainshtein radius, Schwarzschild radius and
the Hubble scale as rVH ∼ (rg/rV )1/2. It is, in fact, the
case in massive gravity theory where r3V ∼ M/(M2Plm2)
and the graviton mass is taken to be m ∼ H.
should only extend up to r  rV . In this case we
find an additional suppression factor to (99):
H−1
M
∫
d3x Esublead2,pi ∼
(
r
rV
)2
rg
rV
, (101)
leading to a modified geodesic equation of the
form:10
X¨i = −∂iΦ0 + ∂i(Hpi0)
(
r
rV
)2
rg
rV
, r  rV .
(102)
Again, for the example of the Sun, the ratio
R/rV ∼ 10−10. This ratio is somewhat larger for
galaxies. Combining the two suppression factors
we thus conclude that the violation of the equiv-
alence principle is very tiny. In principle, if one
could measure deviations from the geodesic motion
(if any) up to this level of precision one could use
(a more accurate version of) these estimates of the
deviations from the equivalence principle to put
constraints on the EFTs of dark energy described
by the action (4).
VI. CONCLUSIONS AND DISCUSSION
Without doubt the equivalence principle is one
of the cornerstone predictions of General Relativ-
ity. In this work we have addressed the ques-
tion of its violation on cosmological backgrounds in
scalar-tensor theories of modified gravity. We find
that an exactly de Sitter spacetime stands out as
a particular gravitational background where both
the weak and the strong equivalence principles are
obeyed. Any violations of the equivalence princi-
ple can therefore be parametrized in terms of the
time derivatives of the Hubble rate. For slowly
changing Hubble rate, which is the situation in the
present day universe, these are small and can thus
be treated perturbatively. This provides new ways
for characterizing the violations of the equivalence
principle that comes particularly timely given the
new gravity wave observations opening up the pos-
sibility of testing gravity in the strong-field regime.
We have also investigated the motion of weakly
gravitating objects on FRW spacetimes with ar-
bitrary time dependence of the Hubble rate. We
show that the weak equivalence principle is obeyed
for test particles and extended objects moving
in some external gravitational potential on these
backgrounds. This result complements the find-
ings of [25, 34, 35] that in shift symmetric Horn-
deski theories in flat space the star solutions bear
zero scalar charge and thus have no-hair. Con-
sequently, the gravitational and inertial masses of
10 Without the assumption m33 ∼ HM2Pl the scales
rV , rg , H
−1 decouple and the corrections can be recast
as
(
r
rV
)3/2 (
r
H−1
) ( rg
r
)1/2. We recognize the power 3/2
as the power of the Vainshtein corrections to the gravita-
tional potential in the DGP theory [62].
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compact stars are equal, i.e. they obey the equiva-
lence principle, and the dipolar gravitational wave
emission vanishes [35]. However, in distinction
from [25, 34, 35] we do not claim that the scalar
field profile is vanishing. Instead we show that the
scalar hair is secondary and is determined entirely
in terms of the ADM mass of the object. As a re-
sult the extended objects move on geodesics, as in
General Relativity.
We note, however, that the proof given in [35]
relies on the assumption that the Vainshtein ra-
dius of the star is much less than the gravita-
tional wavelength, i.e. that rV  λGW. This is
in general not true. For compact stars of masses
close to the solar mass, the Vainshtein radius is
rV ∼ 1015 km while the wavelength of the grav-
ity waves is λGW ∼ 104 km. In this work we have
shown that compact objects move on geodesics also
on distances less than its Vainshtein radius. The
only condition we use is that in the close vicinity of
the object the total external gravitational field can
be treated as a linear gradient field. For a binary
system of two neutron stars this would mean that
our conclusion is valid for distances much less than
the binary separation, while one is still allowed to
treat the two binaries in isolation [25].
Finally, we have also presented an example of
how the corrections to the object’s geodesic equa-
tion can be computed. The result given in (102)
shows the scaling of the violations of the equiva-
lence principle at a given distance r from the ex-
tended object with respect to the various length
scales, rV , rg, H−1. This includes all the assump-
tions made in our derivation: (i) subhorizon limit,
r  H−1; (ii) weak gravitation, r  rg; (iii) dis-
tances less than the Vainshtein radius, r  rV . By
focusing on a specific scalar-tensor model one can
derive this result to an arbitrary level of precision
that can then be constrained by the gravitational
wave measurements. We leave this for future work.
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Appendix A: Current components
To obtain the covariant action we do the follow-
ing replacements in the unitary gauge action (1):
δg00 → 1 + (∂φ)
2
M4Pl
, (A1)
δK → −3H
(
φ
M2Pl
)
− 3
2M2Pl
φ (A2)
− 1
2M6Pl
[
(∂φ)2φ+ ∂µφ∂µ(∂φ)2
]
.
We note that the expression for the extrinsic cur-
vature coincides with the actual expression, K ≡
∇µnµ, with nµ ≡ −∂µφ/
√−(∂φ)2 only up to sec-
ond order in perturbations. As a result, the ac-
tions (1) and (4) coincide only up to cubic order.
The equation of motion for the scalar field φ can
then be derived from the covariant action (4) using
the equations (19) and (20). We repeat them here
for convenience:
∂L
∂φ
−∇µJµ = 0 , (A3)
Jµ =
∂L
∂(∇µφ) −∇ν
(
∂L
∂(∇µ∇νφ)
)
. (A4)
The relevant expressions are:
∂L
∂(∇µφ) = (A5)
− 2c∇
µφ
M4Pl
+ 2m42
∇µφ
M4Pl
δg00 −m33
∇µφ
M4Pl
δK
+
m33
2M6Pl
δg00 (∇µφφ+ 2∇νφ∇ν∇µφ)
and
∂L
∂(∇µ∇νφ) = −
m33
2
δg00
(
− 3
2M2Pl
gµν
− 1
2M6Pl
[
(∂φ)2gµν + 2∇µφ∇νφ]) . (A6)
The part of the equation of motion (19) that can-
not be expressed as a conservation law is contained
in
∂L
∂φ
= −∂φΛ− (∂φ)
2
M4Pl
∂φc+
3
2
m33 δg
00 ∂φH
+
1
2
∂φm
4
2 (δg
00)2 − 1
2
∂φm
3
3 δg
00δK . (A7)
In all the above expressions we keep in mind that
the parameters Λ, c,H,m2,m3 all depend on the
scalar field as Λ = Λ
(
φ
M2Pl
)
etc. For the sake of
readability we have also kept using δg00 and δK
instead of expressing them through (A1) and (A2).
The equation of motion (A3) then reproduces the
equation of motion for pi as it would be obtained
from the action (1) after the Stückelberg trick t→
t+pi(t, xi) up to second order in perturbations. By
doing the expansion in perturbations one can see
that in the quasi-static subhorizon limit (i.e. when
∂2t pi  ∂2i pi and H2pi  ∂2i pi) the contributions
coming from the terms (A7) due to the explicit
violation of the shift symmetry are subleading.
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Appendix B: Derivation for test particles
1. Quadratic and cubic tensor components
Here we give the relevant expressions needed for
the derivation of the geodesic equation for a test
particle in the subhorizon limit. The quadratic ij
components of the stress-energy tensor of pi read
T (pi,2) ij =
M2Pl
a2
{
2c
M2Pl
∂ipi∂jpi + 2
m33
M2Pl
∂(ipi∂j)(Φ− p˙i)
+ δij
[
m33
M2Pl
(
H
2
(∂kpi)
2 + 2∂kpi∂kp˙i − ∂kpi∂kΦ
)
− c
M2Pl
(∂kpi)
2 +
(m33)
·
2M2Pl
∂kpi∂kpi
]}
.
(B1)
The quadratic contribution to the Einstein’s tensor
in the Newtonian gauge (5) is given by:
a2G(2) i
j = ∂iΨ∂jΨ− ∂iΦ∂jΦ− 2∂(iΦ∂j)Ψ
+ 2Ψ∂i∂j(Ψ− Φ) +
[
(∂kΦ)
2 − 2Ψ∆(Ψ− Φ)] δij .
The leading order 0i components are in turn
T (pi,2) 0 i =
m33
a2
[∂ipi∆pi − ∂jpi∂j∂ipi]
=
m33
a2
∂j
[
∂ipi∂jpi − δij(∂pi)2
]
, (B2)
while G(2) i0 is subdominant.
We shall also need the cubic ij components of
the stress tensor that in the subhorizon limit read:
T (pi,3)i j = −m
3
3
a4
[δij∂kpi∂lpi∂k∂lpi + ∆pi∂ipi∂jpi
−∂ipi∂kpi∂j∂kpi − ∂jpi∂kpi∂i∂kpi] .
(B3)
2. Gravitational force
In order to find the gravitational force exerted
on the moving object, according to (78) we need to
first compute the time derivative of the momentum
Pi defined in (64):
P˙i = a
3
∮
dSj
(
−T (pi,2) i j +M2PlG(2) i j
)
. (B4)
Using the background-object split (74) we find for
the second term:
a2
∮
dSj G
(2)
i
j = −8pi
3
r2∂iΦ0 (Φ
′
1 + 2Ψ
′
1) .
(B5)
The surface integral of the first term combined
with the time derivative of the 0i component of
the stress tensor, as in the geodesic equation (78),
in turn becomes
−a3
∮
dSj T
(pi,2) i
j − ∂0
∫
d3x a3T (pi,2) 0i =
−4pir2a∂iΦ0m33pi′1
−4pir2a∂ipi0
(
m33Φ
′
1 + (2c+ (m
3
3)
· +Hm33)pi′1
)
,
where we have performed the background–object
split according to the ansatz (74). After integrat-
ing both sides of the eqs. (12)–(14) over a volume
enclosing the object, we express the fields pi′,Φ′,Ψ′
through the fully nonlinear solutions to arrive to:
−a3
∮
dSj T
(pi,2) i
j − ∂0
∫
d3x a3T (pi,2) 0i =
+
8pi
3
r2aM2Pl∂iΦ0(2Ψ
′
1 + Φ
′
1)
+∂iΦ0
∫
d3x a3
(
τ0 0 − 1
3
τ i i
)
+∂ipi0
∫
d3x a3ENL,pi .
(B6)
We stress that this relationship is completely non-
linear and we have not assumed that the pertur-
bative expansion is valid. We have simply used
the form of the quadratic stress-energy tensor, to-
gether with the equations of motion (12)–(14),
written through the nonlinear quantities τµ ν . For
test particles, the nonlinear term on the last line
can be dropped, and for a non-relativistic source
τ0 0  τ i i. In combination with the contribution
(B5) arising from the Einstein tensor we thus get
P˙i − ∂0
∫
d3x a3T (pi,2) 0i = −M∂iΦ0 , (B7)
whereM stands for the ADM mass defined in (15).
Inserting this in (78) we recover the correct
geodesic equation (80).
Appendix C: Current conservation
1. Linear evolution
The full expressions for the linearized compo-
nents of the current are (also including the time
dependence of m2 and m3):
J0 = − 1
M2Pla
2
[
m33∆pi − 3a2Hρmpi + 4m42a2Φ
+ 3m33a
2HΦ− 2a2ρmΦ + 3m33a2H˙pi
− 4M2Pla2H˙Φ + 2M2Pla2H¨pi − 4m42a2p˙i
+a2ρmp˙i + 2M
2
Pla
2H˙p˙i + 3m33a
2Ψ˙
]
, (C1)
while the spatial current reads:
J i =
1
M2Pla
2
∂i
(−2cpi −m33Φ +m33p˙i) . (C2)
We also note that the non-conserved part of the
equation of motion is indeed subleading in the
quasi-static subhorizon limit:
−M2Pl
∂L
∂φ
=− Φ
(
3m33H˙ + ρ˙m + 2M
2
PlH¨
)
+ 2M2Plpi
(
3H˙2 + 3HH¨ +
...
H
)
+
(
3m33H˙ + ρ˙m + 2M
2
PlH¨
)
p˙i . (C3)
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The leading terms in the linear equation of motion
as derived from (20) are thus given by the diver-
gence of the current Jµ as:
EL,pi = 1
a2
[
2c∆pi +m33 (H∆pi + ∆Φ)
]
. (C4)
This coincides with the linear part of the equa-
tion (14). Importantly, we note that the m33H∆pi
term comes from the J0 component. This is very
different from the case of static backgrounds (see,
e.g. [30]).
2. Quadratic equation
Let us first comment on the non-conserved part
of the current conservation equation, ∂L/∂φ, given
in Eq. (A7). First, it is clear that at any order in
perturbations, the terms on the first line in (A7)
will contain at most two derivatives of the form
(∂pi)2. In the same time we know that there will
be terms with more derivatives arising in the full
equation of motion for the scalar. Second, the
terms on the second line, although in general of the
same order as∇µJµ, will not contain the dominant
Vainshtein interactions arising at the quadratic or-
der. Hence, it is safe to neglect the ∂L/∂φ term in
the quasi-static subhorizon limit, so that
E2,pi =
(−M2Pl∇µJµ)(2) . (C5)
The quadratic expressions for the current compo-
nents are lengthy and we shall only discuss their
schematic structure and will only focus on terms
with at least two spatial derivatives. The time
component of the current only contains contribu-
tions like M2PlJ0 ⊃ m33/a2H(∂pi)2 while
M2PlJ
i =
m33
a4
[∂ipi∆pi − ∂ipi∂i∂jpi] . (C6)
In particular, we see that in J0 there are no terms
with more than two spatial derivatives. In the
quasi-static subhorizon limit, it is thus clearly sub-
dominant in comparison to the contributions from
J i involving three spatial derivatives. Hence the
leading contribution arises from the spatial diver-
gence of the current, so that ∂iJ i is the only contri-
bution to the quadratic equation (C5) in the sub-
horizon limit.
3. Cubic order
When looking at cubic order, we see that to lead-
ing order M2PlJ
0 ∼ m33/a4(∂pi)2∆pi while M2PlJ i ∼
m33/a
4(∂pi)2∂ipi. This means that J0 and J i, simi-
larly to what happened at linear order, would again
give comparable contributions in the equation of
motion. Also, there is a non-vanishing cubic con-
tribution to ∂L/∂φ ∼ (m33)·/a4(∂pi)2∂2pi. They
would all however be subdominant with respect to
the quadratic terms. The reason is that for the the-
ory (4) the screening mechanism operates at cubic
order in the action, i.e. at the quadratic order in
equations of motion.
As a side remark let us briefly consider also the
case with the quartic Galilleon term present in the
action. In this case the scalar field equation of mo-
tion in the subhorizon limit would contain a cubic
contribution of the form [57]:
∂i
[
∂ipi
(
(∆pi)2 − (∂j∂kpi)2
)
−2∂jpi∆pi∂i∂jpi + 2∂jpi∂k∂jpi∂i∂kpi] =
= ∂i∂j [∂ipi∂jpi∆pi − ∂ipi∂kpi∂k∂jpi
−δij(∂kpi)2∆pi + (∂kpi)2∂i∂jpi
]
.
(C7)
With the last equality we simply wanted to point
out that the equation takes the form of a dou-
ble spatial divergence. In the main body of this
work the same was observed to be true also at the
quadratic order.
Appendix D: Covariant stress-energy tensor
For future reference let us give the fully non-
linear expression for the variation of the covariant
action (4) with respect to the metric:
1√−g
δS
δgµν
=
M2Pl
2
(
Rµν − 1
2
gµνR+
1
2
gµνΛ
)
− 1
2
gµνLφ − c
M4Pl
∂µφ∂νφ
+
m42
M4Pl
∂µφ∂νφ+
m42
M8Pl
(∂φ)2∂µφ∂νφ+
3
8
m33
M2Pl
gµνφ+
3
2
m33
M4Pl
H∂µφ∂νφ
+
m33
2M6Pl
(
gµνφ(∂φ)2 + gµν∂αφ∂α(∂φ)2 − 3
2
∂(µφ∂ν)(∂φ)
2 +
3
2
φ∂µφ∂νφ
)
+
m33
4M10Pl
(
∂µφ∂νφ(∂φ)
2φ− (∂φ)2∂(µφ∂ν)(∂φ)2
)
+
m33
4M10Pl
(
gµν(∂φ)
2∂αφ∂α(∂φ)
2 +
1
2
gµνφ
(
(∂φ)2
)2)
+
1
2
∂φm
3
3
(
1 +
(∂φ)2
M4Pl
)[
3
2M2Pl
(
1
2
gµν(∂φ)
2 − ∂µφ∂νφ
)
+
1
2M6Pl
(∂φ)2
(
1
2
gµν(∂φ)
2 − 2∂µφ∂νφ
)]
.
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where as in Appendix A all the parameters
Λ, c,H,m2,m3 all depend on the scalar field as
Λ = Λ
(
φ
M2Pl
)
etc.
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